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Abst rac t :  P roper t i e s  of the three-Reggeon coupling function are  examined. The ex-  
pected form is given of its dependence on var iab les  re la ted  to genera l i sa t ions  of 
the Tol le r  angle. It is  found that the Veneziano-type models for mul t ipar t ic le  am-  
plitudes contain three-Reggeon ve r t i ces ,  with the co r r ec t  s t ruc ture ;  this provides 
a non- t r iv ia l  check on these models.  This s t ruc ture  is  also checked in a model 
based on Gribov's  hybrid per turbat ion theory approach. 

i. INTRODUCTION 

In a p r e v i o u s  p a p e r  [1], h e r e  r e f e r r e d  to a s  I,  we  have  e x a m i n e d  the  
func t ion  fala2 tha t  c o u p l e s  a p a i r  of R e g g e o n s  to a s p i n - z e r o  p a r t i c l e .  Th i s  
func t ion  i s  de f i ned  t h r o u g h  the h i g h - e n e r g y  b e h a v i o u r  of a t w o - p a r t i c l e  --* 
t h r e e - p a r t i c l e  p r o d u c t i o n  p r o c e s s .  A p a r t  f r o m  c o m p l i c a t i o n s  i n t r o d u c e d  by 
the  e f f e c t s  of s i g n a t u r e  (which  w e r e  s t u d i e d  in  a s e c o n d  p a p e r  [2]), i t  w a s  
shown tha t  fala2 t a k e s  the  g e n e r a l  f o r m  

fala2 = ~ dy f(y)~(al, a2; Y/n), (1.1) 
-o0 

w h e r e  

r ( -a l )  r (-a2) # (a 1, a2;z) 

cO 

=f 
0 

dXldX2 x l a l - l x 2  a2 -1  e i[xlx2z+xl+x2] (1.2) 

The  v a r i a b l e  ~7 i s  l i n e a r l y  r e l a t e d  to the  c o s i n e  of the  T o l l e r  a n g l e  [3] and  i s  
d e f i n e d  in  eq.  (2.17) be low.  

In th i s  p a p e r  we s tudy  the funct ion  Fala2a3 tha t  c o u p l e s  t o g e t h e r  t h r e e  
R e g g e o n s .  T h i s  func t ion  i s  d e f i n e d  t h r o u g h  the h i g h - e n e r g y  b e h a v i o u r  of a 
t h r e e - p a r t i c l e  -* t h r e e - p a r t i c l e  a m p l i t u d e ,  wh ich  i s  not  a t  p r e s e n t  of g r e a t  
p r a c t i c a l  i n t e r e s t .  But the  p r o p e r t i e s  of  Fala2a3 a r e  of s o m e  t h e o r e t i c a l  
i n t e r e s t ,  f o r  s e v e r a l  r e a s o n s .  

F i r s t ,  by pu t t i ng  a 3 equa l  to a p o s i t i v e  i n t e g e r  p in  Fala2a3, we m a y  o b -  
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tain informat ion about the s t ruc tu re  of the coupling of two Reggeons to a 
physical  par t ic le  of spin p. Secondly, it is our  hope that at some stage it 
will be useful to consider  genera l i sed  field ope ra to r s  assoc ia ted  with Reg-  
geons and an advance knowledge of the p rope r t i e s  of functions such as 
Fala2a3 will be an impor tan t  tes t  of the c o r r e c t n e s s  of the fo rmal i sm.  (An 
at tempt to introduce such ope ra to r s  was made original ly by Cabibbo, Horwitz 
and Ne ' eman  [4], but their  ope ra to r s  did not have the c o r r e c t  Loren tz  t ensor  
p rope r t i e s  for  them obviously to be assoc ia ted  with Reggeons of general  
spin.) Thirdly,  Fala2a3 does appear  when unphysical  l imits  are  taken in 
product ion ampli tudes that a re  of p resen t  exper imenta l  in te res t ,  for  exam-  
ple in the two-par t ic le  --* fou r -pa r t i c l e  amplitude obtained by c ross ing  f rom 
the t h r ee -pa r t i c l e  ~ t h r ee -pa r t i c l e  one. Thus a knowledge of the p rope r t i e s  
of Fala2a3 is n e c e s s a r y  if we a re  ul t imately to have a complete unders tand-  
ing of the p rope r t i e s  of such amplitudes.  In pa r t i cu la r ,  our  work provides  a 
non- t r iv ia l  check on the genera l i sa t ion  of the Veneziano model to mul t ipa r -  
t icle ampli tudes [5, 6]. The genera l i sa t ion  was designed to give the ampl i -  
tudes a s t ruc tu re  in which pa i r s  of Reggeons a re  coupled to par t i c les  and in 
I we pointed out that the coupling function takes a form that ag rees  with the 
genera l  express ion  (1.1). Here  we find that it happens that the model a lso 
includes th ree -Reggeon  couplings, with a coupling function in ag reement  
with the expected genera l  form.  

This genera l  fo rm is de te rmined  in sect.  2, which begins with a d e s c r i p -  
tion of the pa r t i cu la r  asymptot ic  l imit  that must  be applied to the s ix-point  
function in o r d e r  to revea l  the th ree -Reggeon  coupling. Here,  and through-  
out this paper ,  we omit  complicat ions resul t ing  f rom s ignature;  these may 
be deduced f rom a s t ra ight  genera l i sa t ion  of our  work in ref.  [2]. In sect.  3 
we cons ider  the th ree -Reggeon  coupling function in a pa r t i cu la r  model,  
based on Gr ibov ' s  hybrid per turba t ion  theory technique [7], and in sect .  4 
we examine the genera l i sed  Veneziano model. 

It is  perhaps  worth pointing out that Gr ibov ' s  or iginal  paper  also d i s -  
cussed a th ree -Reggeon  coupling function rala2a3. However,  rala2a3 
dif fers  f rom Fala2a 3 in that it involves an integral  of Fala2a3 with r e spec t  
to the momentum t r ans fe r  between a pai r  of the Reggeons;  thus the r e m a i n -  
ing Reggeon plays a dist inguished role.  We believe that our represen ta t ion  
for  Fala2a3 given in sect .  2 and extended to incorpora te  s ignature  effects ,  
can be used to obtain informat ion about the s t ruc tu re  of rala2a 3. But the 
s imple models  of sects .  3 and 4 given zero  contribution to rala2a 3 when the 
appropr ia te  integrat ion is pe r fo rmed .  

2. GENERAL THEORY 

Consider  a s ix-point  function descr ib ing  the p roce s s  

1'1 ÷ P2 + / ' 3 "  I ' i  + + 

The pa r t i c l e s  a re  all taken to be spinless  and have equal mass .  Write  

(2.1) 
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and 

P] =Pi + qi '  i = 1 , 2 , 3  

s i = (p j  + pk) 2 , 

(2.2 

u I = (P~+q2)2,  u 2 = (P~+q3)2, u 3 = (P~+ql )2 .  (2.3) 

2 u i and The ampli tude will be r ega rded  as a function of the nine var iab les  qi '  

~? i = UjUk/Si" (2.4) 

In fact  only eight of these a re  independent;  there  is a single non- l inear  r e l a -  
tion among them [8] a r i s ing  f rom the fact  that space - t ime  has four d imen-  
sions.  This re la t ion  will be ignored in our  analys is ;  the var iab les  a re  r e -  
garded as  independent and the cons t ra in t  on them can be thought of as being 
imposed  a f te rwards .  In the asymptot ic  l imit  that we cons ider  in this paper ,  
this cons t ra in t  involves only the var iab les  ~?i and q2 (see the r e m a r k  a f t e r  
eq. (3.2) below). 

We shall  d iscuss  the asymptot ic  l imit  

Ui ---+ 00, 

2 
qi '  ~?i f in i te .  (2.5) 

For  suitable values of the finite var iab les  this is actually a physical  l imit  
for  the p r o c e s s  (2.1). In this l imit  we find that 

s : / s  --* 1, 

s ,  = (p ,+p~)2  , ( 2 . 6 )  

(though the d i f fe rence  s~- s i diverges)  and 

(P~+q3)2~ -Ul ,  (P½+ql)2 ~ -u2 ,  (P~+q2)2 ~ -u3 ,  

(P2 +p~)2 ~ (p~ +p3)2 ~ -Sl  etc. (2.7) 

In o r d e r  to get an idea of the s t ruc tu re  of Fala2a3, we shall  suppose that 
the pa r t  of the ampli tude that surv ives  in the asymptot ic  l imi t  (2.5) is  ex-  
p re s s ib l e  as a t r ip le  Fou r i e r  t r an s fo rm  

cO oO 

f d~.ld)~2d~.3 f dP.ld~2d~3~(Xi,~i)e i[Zxisi+Z~iui]. (2.8) 
_ao 0 
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This  is  c lose ly  analogous  to an a s sumpt ion  made  in I; i t  mus t  be modif ied 
if the e f fec t s  of s igna tu re  a r e  to be i nco rpo ra t ed  [2]. We use  eq. (2.4) to 
e l imina te  the s i and make  the changes  of va r i ab l e  

u i = x i /~ i ,  

Xi = YiUjPk. (2.9) 

Then the t r ip le  Mellin t r a n s f o r m  of eq. (2.8), obtained by applying the o p e r -  
at ion 

to it ,  b e c o m e s  

cO eO 

f dYldY2dY3 f 
- o 0  0 

oo 

f 
0 

du I du2dUaU111-1 ,~212-1u313 -1 (2.10) 

u~1+2 /~+2 /3+2 
d ~ l  d~2 d~z3 U2- ~z3 ~(Yi~j~Zk, ~i ) 

x r(-l 1) r(-z2)r (-13)e(ll, 12,/3;Yl/~?l,Y2/772,Y3/773), 
with 

r ( - I  1 ) r ( - I  2 ) r ( - I  3) a ( l  I , l 2 , 13;Zl,Z2,Z 3 ) 

(2.11) 

= ; dxldx2dx 3 Xl11-1x212-1x313-1 exp[i{Zzixffk+ ~.x.~]. (2.12) 
0 

A triple Regge pole at 11 = al, 12 = a2, 13 = a 3 is obtained by choosing ~ to 
have the behaviour, near ~z i = 0, 

~(yi~zj~Zk,~i) ~ F(Yl,Y2,Y3) ~lal-3~z2a2-3~3 a3-3 . (2.13) 

F r o m  this we obtain the t h r e e - R e g g e o n  coupling function 

Fa la 2 a3 
oo  

= f dYldY2dY3 F(Yl,Y2,Y3)~2(a1, a2, a3;Y1/~?1,Y2/~?2,Y3/Z13). (2.14) 
- -o0  

The t r i p l e - R e g g e - p o l e  contr ibut ion is  shown d i a g r a m m a t i c a l l y  in fig. 1. 
If we make  an analy t ic  continuation in q2 up to the point where  a I = 0, we 
obtain a bound-s ta te  pole (this comes  f r o m  the f ac to r  r ( - / 1 )  in eq. (2.11)). 
Then fig. 1 r educes  to a coupling constant  t imes  the two-Reggeon con t r ibu-  
tion to the product ion  ampl i tude  

P2 +P3--*P½ + ql +P3" (2.15) 
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4 

P~ I" 3 

Fig. 1. The three-Reggeon contribution to the six-point function. 

F r om eq. (2.12) we see ,  by in tegrat ing by par t s  once with r e sp ec t  to Xl, 
that 

9(0,  12, 13;Zl,Z2,Z3) = ~ ( / 2 , / 3 ; Z l ) ,  (2.16) 

where  • is defined in eq. (1.2). So then eq. (2.14) reduces  to the fo rm (1.1), 
with 

f(Y) = T dY2dY3 F(y,Y2,Y3), 
- - c O  

and 

-1 -1 )2/  ql)2(p + ql)2 =71 ], (2.171 

which as shown in I, is  l inear ly  re la ted  to the cosine of the To l l e r  angle 
for  the p r o c e s s  (2.15). That  is ,  Foa2a  3 takes the genera l  form of fa2a3; 
in pa r t i cu la r ,  it  is independent of ~72 and z/3. If p is a posi t ive integer' ,  -ac-  
cording to eqs. (2.12) and (2.14) Fpa2a 3 is a homogeneous polynomial  of 
degree  p in ~ 1  and ~ 1 .  

3. THE GRIBOV METHOD 

In this sect ion we take,  as a model for  the ampli tude tha t  de sc r ibe s  the 
p r o c e s s  (2.1), the Feynman graph of fig. 2. Here  the bubbles r e p r e s e n t  
complete  sca t te r ing  ampli tudes and will be supposed to have Regge-pole  
asymptot ic  behaviour.  

In what follows, ijk will be used to denote any cycl ic  permuta t ion  of 123. 
In the asymptot ic  l imit  (2.5) we find that 
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Y 

Fig. 2. Feynman graph that yields a three-Reggeon contribution. The bubbles 
represent complete scattering amplitudes. 

qi~  Pi ~--~i +Tk - PJ ~ 2~juj + + Pk ~ 2 - ~  + qi" (3.1) 

The momenta  q~ a r e  finite and or thogonal  to all  th ree  of thep i. They s a t i s -  
fy 

~q[  = 0 ,  

q~2 = q~ + ~i(~j+ ~k)2/(4~j~k). (3.2) 

Because  the q~ a r e  essen t ia l ly  one-d imens iona l  the two re la t ions  (3.2) to-  
ge ther  yield a non- l inea r  cons t ra in t  on the var iab les  q~ and ~i; this was 
mentioned in sect .  2. 

The in te rna l  momenta  in the Feynman graph will be labelled as in fig. 2. 
We wr i te  

k = ( Z l p  I / U l )  + (z2p 2 /u2 )  + (z3P3/u 3) + k ' ,  (3.3) 
T where  k' is pa ra l l e l  to the qi and so is  ef fect ively  a one-d imens iona l  vec tor .  

Then,  in the asympto t ic  l imi t  (2.5), 

d4k ~ ½ (~1fi2~3)-½ dz I dz 2 dz 3 dk ' .  (3.4) 

Following the .usual sp i r i t  of the Gribov approach [7], we make this change 
of va r iab les  and a s sume  that it is in o r d e r  to take the l imi t  (2.5) under  the 
integral .  

The squa res  of the m a s s e s  on the in te rna l  l ines in fig. 2 take the fo rm 
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a t .  [i(qj- %) + k] 2 

= [~(q) - qk ) + k'] 2 + (z2z 3/771) + (z3z 1/772 ) + (ZlZ 2/773) - i z  i + 

+ ~ [½~?i - ~Tj - ~k - (¼ 77i~7j/~?k ) - (¼~?j~k/~i ) - (¼7?i~k/~j)]' (3.5) 

and the Reggeon energy var iables  are  

[~(qi-qj) + k + pi] 2 ~ ui[(zj/~?k) + (Zk/~? j) + ½]. (3.6) 

Thus the asymptotic  behaviour of the graph is 

a 1 a a [sin (~al) sin (~a2)sin(~a3)]-I  f31~2f13, (3.7) Fala2a3Ul u22u3 3 

where a i = a(q2), fli = ~(q2), a and ~ being respect ively the Regge t ra jec tory  
and the ordinary  Regge res idue function. Apart  f rom some constant fac tors  

1 

Fala2a3 = fdz 1 dz2 dz 3 dk'(~?1772773 )-~ 

3 
x I-I {[zj /7?k+zk/~?j+~]aig(q2;aj ,ak)(ai-m2)-l} ,  (3.8) 

i=1  

where g i8 the off-shel l  continuation of ft. 
In o rder  to show that eq. (3.8) is  of the general  form (2.14), we follow a 

procedure  that begins in a way s imi la r  to that in L F i r s t ,  write a t r iple 
d ispers ion relat ion (which, as d iscussed in I, will have no subtract ions but 
is likely to be over  a comp!ex integrat ion hypercontour H) 

3 3 
z~I= 1 {g(q2i;aj, ak)(a i -m2)- l}  = f dv idv2dv3  p(q2,v,) [I1 (~ i -v i ) -1 .  (3.9) 

"~ H ffi 

Now introduce Feynman pa rame te r s  ki: 

((r i -v i  )-1 = -i ~ dXi e ixi((;i - vi) , 
0 

So that the k' integrat ion may be performed.  This gives 

¢o  1 

Fqla2a3 cc f dX 1 dX2dX 3 k -~ f du 1 dv2dv 3 p(q2i, vi ) ~ dz I dz2dz3 
o H _co 

× ~ [(zj/Vk) + (zk/~j) + ½] ai eiD/x 071~72~73 )-½ 
i= l  

× ex,[i D {Xi  , + 'Ti('j (3.10) 
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Here ~i is equal to a i in eq. (3.5), but with the f i rs t  term absent; 

k = k l + k 2 + k  3, 

and D is the D-function [9] for the triangle graph: 

: 

We now make the replacement 

oo 
f dZldZ2dZ 3 I-[[(zj/~? k) + (zk/~? j) + 1] ai 
- - o 0  

1" i'_ : 

( 2 ~ )  ~ - o o  
dz I d z 2 d z 3 d Z  1 dZ2dZ3dX 1 dx2dx 3 Z~11Z~22 Z~ 3 

(3.11) 

x e v{i ,¢i[(zj/nk)+ ( z k / v : ) +  - 

and perform the z i and Z i integrations. The result  Is 

Fa 1 ~ a 3  cc [F(_a! ) r ( - a2) r ( -a3)  ]-1 : dk 1 dk 2 dk 3 f dv I dv 2 dv 3 p 
O 

X ' :  dx I dx2dX3Xl a1-1 x2 a2'1 x3 a3-1 e iD/k k -2 
0 

(3.12) 

X exp [ik -1 {klX 1 + k2x 2 + k3x3 - (x2x 3/771 ) - (x3% 1/~72 ) - (XlX 2/773)}]. (3.13) 

A final simple change of  integration variable brings this into the form 
(2.14). In par~cular ,  it can readily be checked that when a 1 = O, Fala2a3 
becomes equal to the two-Reggeon/particle coupling extracted from a 
similar  model in L 

4. THE GENEI~LISED VENEZIANO MODEL 

In this section we investigate the three-Reggeon coupling in the general- 
ized Veneziano model for the six-point function [5, 6], which is the simplest 
amplitude that can give the required coupling. 

It will be convenient in this section to label the external momenta in the 
same way as in refs. [5, 6]. Thus fig. 1 is now replaced by fig. 3. The limit 
(2.5) still applies, with the scalar  variables (2.3) now defined by [see also 
eq, (2,7)] 
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Sl  = - (P l  +P6 )2 s2 = -(P )2 , 4 + P 5  , s 3 = - ( P 2 + P 3  )2 ,  

u 1 = - ( p l + P 2 + P 3  )2 u 2 = - ( p 2 + P 3 + P 4  )2 u 3 = - ( p 3 + P 4 + P 5  )2 , , , ( 4 . 1 )  

and 
2 2 2 

q l  = (P3+P4)2 , q2 = (Pl +P2 )2 , q3 = (P5+P6)2"  (4.2) 

We u s e  the r e p r e s e n t a t i o n  fo r  the a m p l i t u d e  tha t  i s  g iven  in ref .  [10]: 

1 f d k l d k 2 d k 3  B ( _ a 5 6 + k 2 + k 3  ' -a45  ) 
(27ri) 3 

x B( k 2 + a 16 - a34 5 - a2 34 + a34, - k2 ) B (k 3 + a34 5 - a4 5 - a34 '  - k3 ) 

x B ( k  1 + k 2 - a12 , - a 2 3 4 ) B ( k  1 + k 2 + k 3 + a23 - a234 - a123,  - k l )  

× B ( k  1 - a34 , - e l 2 3  + k 2 + k3)(-1)  k l  + k 2 + k 3 

H e r e  B i s  the b e t a  funct ion:  

(4.3) 

B ( a ,  fi) = r ( a )  r ( ~ ) / r ( a +  8) 

.4-oO 

= f d~ x a - l ( l + x )  -a-f3.  ( 4 . 4 )  

O 

The  i n t e g r a t i o n s  o v e r  k l ,  k2, k 3 in eq. (4.47 a r e  o v e r  c o n t o u r s  p a r a l l e l  to 
the i m a g i n a r y  ax i s ;  d e t a i l s  a r e  g iven  in re f .  [10]. All  the t r a j e c t o r i e s  a a r e  
s u p p o s e d  to be  l i n e a r  and to have  the s a m e  s lope  a. Thus  in the l i m i t  (2.5) 
we  k e e p  f in i te  the  v a r i a b l e s  

~?1 = -a234  a 3 4 5 / ( a a l 6 ) ,  772 = -a345  a 1 2 3 / ( a a 4 5 ) ,  

7/3 = -a123 a 2 3 4 / ( a a 2 3 ) .  (4.5) 

We i n s e r t  the r e p r e s e n t a t i o n  (4.4) f o r  e a c h  of the be t a  func t ions  in eq. 
(4.3) wi th  i n t e g r a t i o n  v a r i a b l e s  u,  v ,  w ,  x ,  y ,  z .  We u s e  the  u p p e r  l i m i t  +~o 
f o r  x ,  z ,  u and _~o f o r  y ,  v,  w, in o r d e r  to g ive  good c o n v e r g e n c e  a t  ]ki] = ~.  
Then  the k l ,  k2, k 3 i n t e g r a t i o n s  g ive  us  the 5 - func t i ons  

[, . l 
27ri6 L'°g ( l + x ) ( l + z ) J  ' 

I1 - u v x y  ] 
2~ri6 og ( l + u ) ( l + x ) ( l + y ) ( l + z )  ' 

E 1 2~i6  o g ( l + u ) ( l + y ) ( l + z )  " 
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P,. 

P, 

Fig.  3. The d iagram of fig. 1, with the momenta re labe l led  as in sect .  4. 

T h e s e  e n a b l e  u s  to p e r f o r m  the  y ,  v ,  w i n t e g r a t i o n s :  

y = -(1 +x)(1  + z)/(xz), 

v = -(1 + u)(1 + x+ z)/(xu), 

w = -(1 + u)(1 + x+ z)/[u(1 + x) ] .  

A p a r t  f r o m  a m u l t i p l y i n g  c o n s t a n t  wha t  r e m a i n s  i s  

co 

f dudxdz u - a 5 6 - 1  (1 + u) a56+ a45 [v/ (1  + v)] a16 - a345 - a234 

0 

X [w/(1  + w)] a345 - a45 - a34 x -a12 - 1 (1 + x) a12 + a234 

(4.6) 

x [y/(l+y)] a23-a234 - a 1 2 3  z-a34-1( l+z)  a34+a123 (4.7) 

We now change  to the  v a r i a b l e s  

~ =  ia234 x ,  ~-= ia123z , ~ = ia345 u , (4.8) 

and  a s s u m e  tha t  i t  i s  in  o r d e r  to t a k e  the  l i m i t  (2.5) i n s i d e  the  i n t e g r a t i o n .  
Thus 

7 f dxx-a12-1(1+x) a12+a234 _. (_ia234)a12 d ~ - a l 2  - I  e i~ 

0 0 

co  co  

f dzz -a34-1(l+z) a34 +a123-~ (-/a123)a34 f d ~  -a34-1e , 
0 0 

oo oo 

f duu-a56-1(l+u)a56+a345 (_ a345)a56 j -  d ~ - a 5 6 - 1  i~ -~ e ( 4 . 9 )  
0 0 
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F o r  the r e m a i n i n g  f a c t o r s  in  eq. ( 4 . 7 ) w e  m a k e  the s u b s t i t u t i o n s  (4.6), t o -  
ge the r  with eq. (4.5) 

[v/(1 + v)] a16 - a345 - a234 --* e -u-~/a~?l , 

[y/(1 +y)]  a23 - a234 - a123 -~ e - ~ / a  U3 , 

[w/( l+w)]  -a45+a345-a34  ( l+u)  a 4 5 - a 3 4 5 ~  e -~/a772.  (4.10) 

When we i n s e r t  eqs .  (4.10) and (4.9) into eq. (4.7), we ob t a in  an  e x p r e s -  
s ion  of the f o r m  (3.7) and (2.14), with 

( ia) al + a2 + a3 a 3 e 3 + /a (Yl  + Y2 + Y3) 

F(Yl ,Y2 ,Y3)  a: ~ ( i + a l ) F ( l + a 2 ) r ( l + a 3 )  ( l+ iaY l ) ( l+ iaY2) ( l+ iaY3)"  (4.11) 
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